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Marks out of 100 are shown in square brackets after each question number.

1. [20] In the vector space ®, determine whether each of the vectorsu = (1,2,0) andv= (0, 1, 2)
is in the vector subspace spanned by (1,2, 3) and (2, 1, 0).
V Sotution

For u, try to solve (1,2,0) =a (1,2,3) +b (2,1,0) fora, b € R. Split the vector equation into
three coupled scalar equations to give

l=a+2b,
2=2a+b,
0=3a.

The last equation implies thata =0. Then the first two equations become 1 =2 b, 2 = b, which are
clearly inconsistent (since 1 # 4), so there are no solutions. Therefore,u & ((1, 2, 3), (2,1, 0)).

Forv, try to solve (0, 1,2) =a (1,2,3) +b (2, 1,0) fora, b € R. Splitting the vector equation
into three coupled scalar equations gives

O0=a+2b,
1=2a+b,
2=3a.
The last equation gives a = % Then the first equation gives b =—% =—%. This solution is

consistent with the second equation since 1 =2 ( 2 ) + (—i ) Therefore,

3 3
~vE((L,23),(21,0)).
> Maple Solution

2. [20] (a) Letv,=(1,2),v,=(2,1) € 2. Show that {Vp Vz} is a linearly independent set of
vectors.

(b) Letv,=(1,0,2),v,=(2,1,-1),v,=(1,1,1) € 3. Show that {vl, Vo v3} is a linearly
independent set of vectors.

(c) Letv,=(1,0,-1,-1),v,= (0,0, 1,-1),v;=(0,-1,0,0),v,= (2,2, 1,3) € R*. Show that
{Vp Va, V3, v4} is a linearly dependent set of vectors.

YV Sotution
(a) To determine whether the vectors are linearly independent we need to solve

a(l,2)+b(2,1)=0fora, b € R This vector equation is equivalent to the two scalar
equations

a+2b=0, (1)

2a+b=0. (2)
(1) = a=-2b. Substituting for a in (2) gives 4 b + b =-3 b =0, hence the only solution is
a=b=0. Therefore the vectors are linearly independent.

(b) Solvea (1,0,2) +b (2,1,-1) +c (1,1,1)=0fora, b,c € R, i.c.
a+2b+c=0, (1)
b+c=0, (2)
2a-b+c=0. (3)
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(2) = b =—c. Substituting for b in (1) and (3) givesa—-2c+c=a-c=0 = a=cand
2a+c+c=2a+2c=0= a=-c. Hence the only solution is a =b =c=0. Therefore the
vectors are linearly independent.

(c) Solvea (1,0,-1,-1)+5b (0,0,1,-1)+¢c (0,-1,0,0)+d (2,2,1,3)=0fora, b,c,d €E R,
i.c.
a-2d=0, (1)
<+2d=0, (2)

a+b+d=0, (3)

-a-b+3d=0. (4
(1) > a=2dand (2) = c¢=2d. Substituting for a in (3) and (4) givesb-d =0, -b +d=0.
These two equations are equivalent and imply that b =d, so the solutionisa=2d,b=d,c=2d
forany d € K. Clearly a =b=c=d =0 is a solution, but this solution is not unique and there are

. nonzero solutions for any nonzerod € . Therefore the vectors are linearly dependent.

> Maple Solution

3. [20] In the vector space [, (a) find a maximal (i.e. as large as possible) linearly independent
subset of the set of vectors { (1,2, 1), (2,1,2), (1,-1, 1), (1, 1, 1)}, and (b) extend it to a linearly
independent set of three vectors and show that this forms a basis for 3.

YV Sotution

(a) There cannot be more than 3 linearly independent vectors in 3, so we can discard at least
one. By inspection, (1,-1,1)+ (1,1,1)=(2,0,2) and (1,1,1) —(1,-1,1)=(0,2,0). From
these two vectors we can construct the first two vectors in the set as

(1,2,1) = % (2,0,2)-(0,2,0) and (2,1,2)=(2,0,2) + %(O, 2,0). Moreover,
{(1,-1,1), (1, 1, 1)} is clearly a linearly independent set since one vector is not a scalar
multiple of the other, and since the other two vectors are linear combinations of these two
vectors, this is a maximal linearly independent set.

(b) Try including the first standard basis vector for 3 to give {(1,-1, 1), (1,1,1), (1,0,0)}.
To prove that this set is linearly independent solvea(1,-1,1) +5(1,1,1) +¢(1,0,0) =0 for
a,b,ce R ie.

at+b+c=0, (1)

-a+b=0, (2)

a+b=0. (3)
2)+3)=2b=0=b=0and (3)-(2) => 2a=0=a=0. Then (1) = ¢=0. Hence
a =b =c =0 uniquely and so the vectors are linearly independent. To determine whether they
also span 3 we must solvea(1,-1, 1) +5b(1,1,1) +¢(1,0,0) = (x,y,z) € Bfora,b,c € R, i.
e.

a+b+c=x (1)

a+b=y, (2)
a+b=z (3)
(2) + (3) =>2b=y+z=>b=% and (3)=(2) = 2a=z-y = a= "> Then

(1) = c¢=x—(a + b) =x—z. Hence there are solutions for a, b, c € R for any x, y, z € [Rand so
~ the set of vectors spans 3. Therefore {(1,-1,1), (1,1, 1), (1,0,0)} forms a basis for .

> Maple Solution

4. [20] (a) Letv,=(1,1) andv,=(1,2). Show from first principles that {vl, Vz} forms a basis for
2.

(b) Letv,=(1,2),v,=(2,1) and v;= (1, 1). Show that {v,, v,, v3} is a spanning set for 2. Is it
also a basis?



(c) Letv,=(0,1,0),v,=(1,2,1),v;=(0,-1,1) and v, = (1, 0,-1). Show that {v}, v,, v3,v,} isa
spanning set for /3. Is it also a basis?

V Sotution

(a) A basis is a linearly independent spanning set. Supposea (1, 1) +5b (1,2) =0. This
corresponds to the two scalar equationsa +b=0,a +2b=0 = a=0,b=0. Therefore v, v,
are linearly independent. Suppose (x, y) =a (1,1) +5b (1,2). This corresponds to the two
scalar equationsx=a +b,y=a+2b = a=2x-y, b=y—x. Therefore any (x, y) € K can be
expressed as (x,y) = (2x-y) (1, 1) + (y—x) (1,2), so {vl, Vz} spans &2 and therefore forms a
basis for R2.

(b) Suppose (x,y) =a (1,2) +b (2,1) +c(1,1) =

x=a+2b+c (1)

v=2a+b+ec (2)
We have only 2 equations, so we can solve for only 2 unknowns, say a, b, so regard c as a
parameter.

2 —_ —

2-(1)=(2) = 2x-y=3b+c = 3b=2x—y-c = bz%. Substituting this into
2 x+2y-c ) )

(1)=a=x-2 b—c=x—? (2x-y—c)-c= B This solution holds V x, y, c € R,

therefore {vl, Vo v3} is a spanning set for [R2. However, it is not a basis because it cannot be

linearly independent. To prove this, set x =y =0 in the above equations to givea = ——,

3
b= _TC V ¢ € R, which is not unique and gives nonzero solutions for any ¢ # 0.
(¢) Suppose (x,y,z) =a (0,1,0) +b (1,2,1) +¢c (0,-1,1) +d (1,0,-1) =
x=b+d, (1)
y=a+2b-c, (2)
z=b+c-d. (3)

Solving for a, b, c regarding d as a parameter, (1) = b=x-d. Then (3) =

c=z-b+d=z-x+2dand (2) =

a=y-2b+c=y-2x+2d+z-x+2d=y-3x+4d+z This solution holds

V x,y,z d € R, therefore {vl, Vas V3, v4} is a spanning set for 3. However, it is not a basis

because it cannot be linearly independent. To prove this, setx =y =z =0 in the above equations

togivea=4d,b=—d,c=2d V d € R, which is not unique and gives nonzero solutions for any
d#0.

> Maple Solution

5. [20] Find a basis for U, where:

(@ U={(x,y,2)| x, ¥,z € R, x+2y—z=0}is a vector subspace of [,

(b) U={(w,x,y,2) | w,x,y,z € R, x—y=0,w +z=0}1s a vector subspace of R*.

YV Sotution

(a) Solving the constraint for x (say) gives x =—2 y + z. Therefore,
U={(2y+zyz)|»zE€R={y(2,1,0)+z(1,0,1)| y,zE€ R}, so{(2,1,0), (1,0, 1)}is
a spanning set for U. It can easily be proved to be a linearly independent set (since one vector is
not a scalar multiple of the other), therefore it is a basis for U.

(b) Solving the constraints for x, w (say) gives x =y, w =—z. Therefore,
U={(=zy,».2)| y»zE€R={(0,1,1,0) +z(-1,0,0,1) | y,z €E R}, so
{(0,1,1,0), (-1,0,0, 1)}is a spanning set for U. It can easily be proved to be a linearly
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" independent set (since one vector is not a scalar multiple of the other), therefore it is a basis for U.



